We study the topology and edge mode physics at quantum criticality for correlated quantum matter which was introduced in Nature Physics 1. 1, 53(2005). Our model Hamiltonian belongs to BDI symmetry class with short range and long range interactions. We observe an interesting behavior that edge modes behave differently although the Hamiltonian belongs to same symmetry class. We do the complex analysis to unveil the topological properties of the Hamiltonian. We show, the physics of the edge mode is not the same for all quantum critical lines since we find gapless edge modes at criticality. We also show, merging of zero modes with the bulk for certain parameter regime. The central charge (c) are used to characterize different phases of the model Hamiltonian. There are different edge modes with different physical properties that appear in the topological systems, like Massive Dirac edge modes which acquires fractional winding number which was reported in [10] , Majorana zero modes which appears in the proximity induced 3 superconducting systems [11] [12] [13] [14] [15] [16] and Weyl fermions which has distinct topological properties. Unlike the modes in the topological superconducting systems which are gapped and modes exist in gapped regime, these Weyl fermions are topologically protected gapless surface state [17] [18] [19] [20] [21] [22] [23] [24] [25] . The simplest model to realize Majorana zero modes at the ends of the chain is one dimensional p-wave superconducting wire which was proposed by Kitaev [11] .
Introduction:
The understanding of the fundamental nature of matter has been an ever growing field.
The recent advances in the field of condensed matter has led to a broader class of matter classification where the effects like entanglement and other such properties are the macroscopic manifestations. This class of matter is known as quantum matter. A subclass of quantum matter is topologically ordered states which has raised a great interest in the area of condensed matter physics. Two of the genuine realizations in support of the topologically ordered states are Fermi liquid which is a long range entangled state of matter and the BCS superconductor [1] .
All the condensed matter systems were governed by Landau's theory of phase transitions [2] until topological state of matter was introduced. Topology has played a major role in classifying different phases of the topological system, whereas, phases of conventional nontopological systems were characterized using local order parameter which depend on the nature of the system considered. After the discovery of quantum Hall effect [3, 4] , different states of matter were classified based on their topological properties. In this symmetry plays an important role [5] [6] [7] . Among vast variety of topological phases one can identify an important class called symmetry protected topological (SPT) phase, where two quantum states have distinct topological properties protected by certain symmetry. Under this symmetry constraint, one can define the topological equivalent and distinct classes []. A state of topological systems are characterized using topological invariant number which does not change under small perturbations until the energy gap closes and change in the topological invariant number indicates the topological phase transition.
superconducting systems [11] [12] [13] [14] [15] [16] and Weyl fermions which has distinct topological properties. Unlike the modes in the topological superconducting systems which are gapped and modes exist in gapped regime, these Weyl fermions are topologically protected gapless surface state [17] [18] [19] [20] [21] [22] [23] [24] [25] . The simplest model to realize Majorana zero modes at the ends of the chain is one dimensional p-wave superconducting wire which was proposed by Kitaev [11] .
Majorana zero modes have also been realized in the quantum Ising chain with long range interactions which has been explicitly studied in [12, 26, 27] .
Topological phases in 1D have ground state degeneracies which are Majorana zero modes and bulk gap is necessary for them to appear at the ends of the chain. Although the gapped topological phases supports Majorana zero modes, there has been numerous studies in the recent years on critical systems that host gapless Majorana zero modes that are topologically protected [28] [29] [30] [31] . Quantum Ising chain with long range interaction supports three phases with the winding number w = 0, 1, 2. The winding number is well defined for gapped phases but to study the gapless edge modes on the critical line, the winding number is ill-defined.
An alternate way of defining winding number is given in the complex analysis using zeros and poles of f (z), which is analogous to topological invariant number for the gapless regions.
The model Hamiltonian (eq.1) was proposed by authors of ref. [32] , where they have studied the quantum criticality of the Hamiltonian at high temperature and also as the illustration for quantum criticality, they predict the zero temperature superfluid density and the transition temperature. The same model was studied in [12] from the perspective of edge modes for different gapped topological phases. In this work, we consider same model Hamiltonian, quantum Ising chain with long range interaction to study the edge mode behavior and topological characterization for both gapped phases and gapless critical lines.
Motivation:
The main motivation for this work is to study the behavior of Majorana zero modes both in gapped and gapless phases of the model Hamiltonian with long range interaction. Although the model Hamiltonian is invariant under all three symmetry transformations (T ,Ŝ andĈ) on both the gapped and gapless phases it is possible to write down the Hamiltonian on a quantum critical line, hence it opens up a richer platform to study the edge mode behavior of the model Hamiltonian. Here we consider quantum Ising chain with long range interactions as our model Hamiltonian which supports three winding number phases (w = 0, 1, 2). Another important motivation for this study is the topological characterization of both gapped Considering the i th position as the point of reference, the interaction terms are defined.
Results and Discussions:
Winding number:
Our model Hamiltonian has three gapped phases where w = 0, w = 1 and w = 2 are winding number regions. The model Hamiltonian for short range and long range interactions (eq.2) is invariant under time reversal (T ), particle-hole (Ŝ) and chiral (Ĉ) symmetries as a result it falls under BDI symmetry class. Left panel of figure. 1 corresponds to the winding number plotted with the parameter µ for different phases of the system for λ 2 > 0. The system is in the winding number w = 2 region if the parameters satisfy the condition λ 2 > µ + λ 1 . For λ 2 < µ + λ 1 and λ 2 > µ − λ 1 , the system is in the w = 1 region. For λ 2 < µ − λ 1 the system is in the w = 0 region. For the gapped symmetry protected phases bulk boundary correspondence is satisfied.
Right panel of figure. 1 shows the different phases of the system for λ 2 < 0. There are three distinct phases with w = 0, 1, 2. For λ 2 > −µ and −λ 2 < µ − λ 1 the system is in nontopological phase with w = 0. For λ 2 < −µ and −λ 2 < µ − λ 1 the system is in topological phase with w = 2. This topological phase transition happens through the critical line
Another topological phase with w = 1 is present for −λ 2 > µ − λ 1 . The transition to this phase happens through the critical line −λ 2 = µ − λ 1 .
Topology and Edge Mode Physics for BDI Symmetry Class for Short Range Interaction
Here in this section we study the conditions for the appearance of edge modes for the gapped phases and gapless quantum critical lines. For this purpose we follow the procedure of argument principle of complex analysis as in ref. [27] . (w 1 − w 2 )) [27] . These two invariants gives the complete classification of gapped and gapless phases of the model. In all the following cases the model at criticality has conformal field theory (CFT) description of bulk with central charge c. Therefore we use winding number (w) and central charge (c) to label different gapped phases and gapless quantum critical lines [28] .
Majorana form of the Hamiltonian (eq.2) under the condition λ 1 = 0 and λ 2 = 0 is written as,
The general form of the Hamiltonian can be written as,
After the Fourier transformation, eq.7 can be written in the complex form as, f (k) = α=0,1 γ α e ikα , with z = e ik . The complex function associated with the BDI Hamiltonian can be written as [27] , f (z) = α=0,1 γ α z α , where for α = 0, 1 is associated with −µ and λ 1 .
The complex function for this case is, f 2). These results can also be verified from numerical studies. 
The complex function associated with the Hamiltonian (eq.8) is,
In this case for µ = 0 there exist two zeros of eq.9 at the origin of a unit circle, which gives w = 2 and c = 0. For µ = 0 the zero of eq.9 gives a condition z = ± In this case the model has three distinct phases w = 0, 1, 2, correspondingly there are three quantum critical lines, λ 2 = µ + λ 1 , λ 2 = µ − λ 1 and λ 2 = −µ [12, 26] . At first we derive the topological invariant from the argument principle, which we used in the previous cases to characterize each distinct phases. Along with Majorana zero modes in the topological phases there exist a gapless edge mode at one of the critical lines.
Majorana form of the Hamiltonian (eq.2) when λ 1 , λ 2 > 0 is of the form,
The complex function for the Hamiltonian (eq.10),
in the quadratic form which has two solutions z 1 and z 2 . The solutions to the quadratic equation are,
which are two zeros of the function f (z) (eq.11). Topological invariant (w) can be calculated by observing whether two zeros fall inside or outside the unit circle for parameter values satisfying the condition required for different phases. We do this analysis for each case separately. Left panel of the figure.6 shows the probability density of the wavefunction of zero modes at the end of the chain and it is evident that the Majorana zero modes are not present in the system. This result is in agreement with bulk boundary correspondence principle. Left panel of the figure.6 also shows the same result in terms of eigenvalues where we observe the gapped bulk with no zero modes on the zero energy line. In the right panel of the figure.6, the zero energy axis is the dashed line and it shows no eigenvalues are present on it.
Phase λ 2 > µ − λ 1 and λ 2 < µ + λ 1 (w = 1): In this phase, the winding number region for w = 1 has been plotted in the figure.1. This is gapped topological phase with one Majorana zero mode at each end of the chain. . From this analysis, we can see the appearance of gapless Majorana zero modes on this critical line of model Hamiltonian which is invariant under all three symmetries (time reversal symmetryT , particle-hole symmetryĈ and Chiral symmetryŜ) and falls under BDI symmetry class on the critical line λ 2 = µ + λ 1 .
These gapless Majorana zero modes appear when there is a transition from gapped phase with two Majorana zero modes at each edge to the gapped phase with one Majorana zero mode at each edge. During the transition from the gapped phase w = 2 to w = 1, at the transition, one of the edge modes delocalize, merging with the bulk and the other mode remains localized which is the gapless Majorana zero mode on the critical line.
Critical line λ 2 = µ − λ 1 : In this section we present the behavior of zero modes on the critical line which is also one of the novelty of this study. This critical line is a gapless state which defines the phase boundary of gapped w = 0 and c = 0 and gapped w = 1 and c = 0 phase. When the parameters satisfy the condition λ 2 = µ − λ 1 , one of the zero lies on the unit circle while other lies outside (see left plot of fig.9 ) resulting in w = 0 and c = For λ 2 = −µ region, it has three sub regions w = 0, 1, 2. All the gapped regions have been studied from the perspective of complex function and its zeros and even the gapless phase which in other words, on the critical line have been studied explicitly. The gapless Majorana zero mode is absent on the critical line which can be confirmed by complex analysis.
μ=1, λ1=3, λ2=-0.5 (λ2=-μ) Critical line (−λ 2 = µ − λ 1 ) with λ 2 < −µ:
Here in this section, we present the evidence of of gapless Majorana edge mode for the critical line −λ 2 = µ − λ 1 . These gapless Majorana zero modes appear when the system transits from gapped phase w = 2 to w = 1, where during the transition one of the edge mode delocalize, merging with the bulk and the other remains localized which is the gapless Majorana zero mode.
Method: A. Critical lines
Parametric relation of the model Hamiltonian is given by,
Energy dispersion relation of the Hamiltonian is given by,
The expression for Anderson pseudo spin vector is given by,
For critical line, energy spectrum should be zero.i.e., |E(k, λ 1 , λ 2 )|= 0
For k = 0, the analytical expression for the quantum critical line is λ 2 = µ − λ 1 . For the case of k = π, we find the analytical expression of the another critical line as λ 2 = µ + λ 1 . 
where a j and b j obey anti-commutation relation, {a i , b j } = 2δ ij and a 
The edge modes are given by a particular recursion relation. By using the ansatz [12] , we get, b j a j = A j , b j a j+1 = A j+1 and b j a j+2 = A j+2 .
Hence the Hamiltonian in the Majorana basis is,
When we write the Hamiltonian in the basis,
The matrix form of the Majorana Hamiltonian can be written as,
We can write recursion relation as,
For the case, λ 2 1 + 4λ 2 > 0, λ 1 , λ 2 > 0, we have 1 − λ 1 < λ 2 < 1 + λ 1 −→ 0 < q + < 1 < q − Single Majorana mode at each end.
Majorana end modes at each end.
For the case, λ 
By writing the Hamiltonian in the Majorana basis, we get,
Recursion relation is, b j a j = 1 and b j a j+1 = A, we get, 
Recursion relation for this Hamiltonian can be written as,
Where q is the root of the equation.
When λ 1 < µ, the system is in the no Majorana mode.
When λ 1 > µ we get one edge mode at each end. 
When λ 2 ≤ µ no edge mode.
When λ 2 > µ, two edge mode at each end.
Discussions:
We have presented the results for both gapped and gapless Majorana zero modes. We have studied the topological, transition and non topological phases for the gapped regimes where winding number is quantitatively defined. At the criticality winding number is ill-defined and in such cases we use Cauchy's argument principle where it is defined in terms of poles and zeros of the complex function.
From our study we have obtained the gapless Majorana modes at the criticality between the gapped state w = 2 to w = 1 for both positive and negative values of λ 2 . These gapless zero modes were speculated as Weyl fermions and chiral Majorana modes. The appearance of Weyl fermions and chiral Majorana modes in our system is ruled out because, although they are gapless topologically protected, the existence of these modes would results in breaking of either time reversal symmetry or parity symmetry. But our model Hamiltonian preserves both the symmetries, as a consequence, it belongs to BDI symmetry class.
From these analysis, we conclude that the gapless zero modes at the criticality λ 2 = µ + λ 1 and −λ 2 = µ − λ 1 are gapless Majorana zero modes. A generalization can be drawn from the above analysis as the gapless Majorana zero modes appears for all the BDI symmetry class Hamiltonians and importantly they are evident on the phase boundary of two distinct topological phases.
